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1. Introduction
It is a well known fact that the quantum mechanical preservation of the conformal
symmetry in string theory implies that the background space-time satisfies suitable equa-
tions of motion. In the simplest case, a bosonic string coupled to a curved space-time
geometry is described by a conformal field theory if the space-time metric satisfies the
Einstein equations plus α′-corrections.
The instabilities produced by the presence of the tachyon can be avoided if we include
supersymmetry. There are two traditional ways to achieve this end in string theory. The
first possibility considers susy at world-sheet level, so one constructs the so called Ramond-
Neveu-Schwarz (RNS) superstring. The second possibility adds susy at the space-time
level, so one describes the dynamics of the superstring by using the Green-Schwarz (GS)
model.
There are various problems in these approaches that lead to think in an alternative
description of the superstring. We mention some of them. On the one hand, it is difficult
to describe space-time fermions in the RNS model and, therefore, backgrounds with non
trivial RR fields. On the other hand, the lack of a covariant quantization of the GS
superstring remains an open problem.
The alternative approach to describe a superstring is the recently developed Berkovits
formalism [1]. Here, the quantization is performed by constructing a BRST charge Q =∫
λαdα, where λ
α is a pure spinor3 and dα is the world-sheet generator of superspace
translations. It has been possible to verify that the cohomology of Q produces the correct
superstring spectrum, in the light-cone gauge [2] and in a manifestly ten-dimensional super-
Poincare covariant manner [3]. The model can be also formulated to describe the coupling
of the superstring in a background with RR fields, such as the AdS5×S
5 [4], where one-loop
conformal invariance has been proved [5].
Let us be more precise in the case relevant for the present paper. Consider a pure
spinor description of the heterotic superstring. It is shown in [6] that the nilpotence of the
BRST charge and the holomorphicity of the BRST current put the background on-shell, at
least in the classical level. The next step is to study this theory at the quantum level. We
fix the world-sheet surface to be a sphere, that is we are considering string perturbation
theory at the tree-level. But we can make a quantum field theory for the sigma model
3 It is a c-number field constrained to satisfy the pure spinor condition (λγaλ) = 0 with γa
being the 16× 16 symmetric ten-dimensional gamma matrices.
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and so construct a loop expansion on the sphere. In this way we can verify if the BRST
charge remains nilpotent and if the BRST charge remains holomorphic. These conditions
are related to the conformal invariance of the model at the quantum level. The argument
for this is given in [6] for the linearized case. Of course, it would be interesting to study the
non-linear version of this. But we decide to study the conformal invariance of the sigma
model at the one-loop level by computing the beta functions.
In an off-shell formulation of the N=1 supergravity 4 one might interpret the beta
functions of the first two couplings in the sigma model action of (2.1) as the equations
of motion for two independent off-shell superfields which solve the supergravity Bianchi
indentities. On the SYM side one cannot find such coupling since there is no known off-
shell superfield which solves the SYM Bianchi identities. Since the constrains found by
Berkovits and Howe already put the supergravity/SYM system on-shell all the superfields
in the background field expansion done in this work are also on-shell.
In section 2 we will review the pure spinor sigma model for the heterotic superstring
in a generic background field and the constraints imposed by the nilpotence of the BRST
charge and the holomorphicity of the BRST current. In section 3 we will perform a
covariant background field expansion of the sigma model action and in section 4 will
compute the one-loop effective action. In section 5 we will show that the one-loop beta
functions vanish due the classical superspace constraints of [6].
2. The Pure Spinor Sigma Model
Let us consider an heterotic string in a curved background. The action in the pure
spinor formalism is given by
S =
1
2piα′
∫
d2z [
1
2
ΠaΠ
b
ηab +
1
2
ΠAΠ
B
BBA +Π
AJ
I
AIA
+dα(Π
α
+ J
I
WαI ) + λ
αωβ(Π
A
ΩAα
β + J
I
UIα
β)] + S
J
+ Sλ,ω + SFT ,
(2.1)
where ΠA = ∂ZMEM
A,Π
A
= ∂ZMEM
A with EM
A being the supervielbein, ZM =
(xm, θµ);m = 0, . . . , 9, µ = 1, . . . , 16 the superspace coordinates, dα the world-sheet gen-
erator of superspace translations. S
J
is the action for the gauge group variables, Sλ,ω is
the action for the pure spinor variables (λ, ω). SFT is the Fradkin-Tseytlin term which is
given by
4 See, for example [7].
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SFT =
1
2pi
∫
d2z r Φ, (2.2)
where r is the world-sheet scalar curvature and Φ is a superfield whose θ-independent part
is the dilaton. Recall that the Fradkin-Tseytlin term breaks conformal invariance, then it
can be seen as an α′-correction which restores it at the quantum level.
Since the pure spinor variables can only enter in the combinations J = λαωα (the
ghost number current) and Nab = 12(λγ
abω) (the generator for Lorentz rotations of the
pure spiror fields), the couplings between the pure spinor variables and the background
fields can be written as
λαωβJ
I
UIα
β = JJ
I
UI +
1
2
NabJ
I
UIab,
λαωβΠ
A
ΩAα
β = JΠ
A
ΩA +
1
2
NabΠ
A
ΩAab.
(2.3)
The quantization of this system is determined by studying the BRST operator Q =∮
λαdα. In a flat background it is easy to show that Q
2 = 0 and ∂(λαdα) = 0. In a curved
background, the nilpotence of the BRST charge and holomorphicity of the BRST current
at the classical level imply that the background fields satisfy the N=1 SUGRA/SYM
equations of motion [6]. In fact, the nilpotence determines the constraints
λαλβTαβ
A = λαλβHαβA = λ
αλβλγRαβγ
δ = λαλβFIαβ = 0, (2.4)
and from the holomorphicity of the BRST current we obtain
Tα(ab) = Hαab = Taα
β = λαλβRaαβ
γ = 0,
Tαβa = Hαβa, FIaα =W
β
I Tαβa, FIαβ =
1
2
HαβγW
γ
I ,
∇αW
β
I = UIα
β −W γI Tγα
β , λαλβ(∇αUIβ
γ +Rδαβ
γW δI ) = 0,
(2.5)
where T,R,H and F are defined as follows. The covariant derivative acting on a super
p-form with values in the Lie algebra of the gauge group is given by5
∇ΨA = dΨA +ΨBΩB
A −ΨAA+ (−1)pAΨA, (2.6)
where d is the exterior derivative which maps a super p-form into a super (p+1)-form.
Note that by acting one more time the covariant derivative on ΨA it is obtained
5 Wedge product between the superfields is assumed.
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∇∇ΨA = ΨBRB
A + FΨA −ΨAF, (2.7)
where the curvatures R and F are given by
RA
B = dΩA
B + ΩA
CΩC
B =
1
2
EDECRCDA
B , (2.8)
F = dA−AA =
1
2
EBEAFIABK
I .
We can also define the three-form field strength
H = dB =
1
6
ECEBEAHABC ,
where EA is the vielbein one form, the potential one form is A = AIK
I with [KI , KJ ] =
f IJLK
L (f ’s are structure constants of the Lie group). It is also necessary to define the
torsion 2-form
TA = ∇EA =
1
2
ECEBTBC
A. (2.9)
The curvatures and the torsion are constrained to satisfy the Bianchi identities,
∇TA = EBRB
A, dH = ∇F = ∇RA
B = 0. In components they read
(∇T )ABC
D ≡ ∇[ATBC]
D + T[AB
ETEC]
D −R[ABC]
D = 0,
(∇F )ABC ≡ ∇[AFBC] + T[AB
DFDC] = 0,
(∇R)ABCD
E ≡ ∇[ARBC]D
E + T[AB
FRFC]D
E = 0,
(∇H)ABCD ≡ ∇[AHBCD] +
3
2
T[AB
EHECD] = 0,
(2.10)
where the antisymmetrization is over A,B,C indices in the first three identities, while in
the fourth it is on A,B,C,D indices.
It is also noted in [6] that the action (2.1) has two independent local Lorentz invari-
ances. One acts on the bosonic indices of the vielbein as δΠa = ΠbΛb
a and the other one
acts on the fermionic indices of the vielbein as δΠα = Πβ Σβ
α with ΩAα
β transforming as
a connection under Σ and the remaining variables of the action as covariant objects (e.g.
δλα = λβΣβ
α). The action is also invariant under the shift symmetry
δΩα = (γa)αβh
aβ , δΩα
ab = 2(γ[a)αβh
b]β , δdα = δΩαβ
γλβωγ , δUIα
β =W γI δΩγα
β .
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With the help of these invariances, the constraints (2.4), (2.5) and the Bianchi identities
(2.10) it is possible to set Hαβγ = Tαβ
γ = 0 and Tαβ
a = γaαβ. It is argued in [6] that these
constraints and the Bianchi identities (2.10) imply the SUGRA/SYM equations. We will
show that these choices allow to check the vanishing of the one-loop beta functions.
In order to describe correctly the degrees of freedom of the SUGRA/SYM system, the
spinorial derivative of the dilaton superfield must be proportional to the connection Ωα.
In fact, the one-loop preservation of ∂(λαdα) = 0 implies [6]
∇αΦ = 4Ωα, (2.11)
which will be crucial to vanish the one-loop beta functions in the subsequent discussion.
3. The Covariant Background Field Method
We expand the action (2.1) in a covariant way. We need to expand the superspace
variables, the ghosts and the gauge group variables.
3.1. Superspace expansion
We follow the background field method based on normal coordinates (see [8] and
references therein).
We define local coordinates around a certain point in superspace ZM by specifying
the value of its tangent along certain geodesics. Normal coordinates are those in which
the geodesics looks like a straight line. If we denote by YM the value of the tangent to
the geodesics at ZM , then the geodesics points to ZM + YM . As it was shown in [8] any
tensor defined at Z + Y can be identified with the tensor at Z by
T ′ = eY
A
∇AT,
which can be iteratively obtained by applying the operator ∆ on T defined as
∆T = [Y A∇A, T ]. (3.1)
Here we are using coordinates in the orthonormal frame. Recall Y A = YMEM
A and
∇A = EA
M∇M , where ∇M is the covariant derivative containing the Christoffel symbol
while ∇A is the covariant derivative containing the spin connection. As it was argued in
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[8], ∆T is the parallel transportation of the tensor from Z+Y to Z through the geodesics.
Note also that the geodesic equation can be written as ∆Y A = 0.
In order to expand the action in powers of Y we need to know how the operator ∆
acts on the different fields of (2.1). If we choose as a tensor T the covariant derivative of
a zero form and if we use (2.6) we can read off the action of ∆ on the vielbein and the
connections. The result is
∆EA
M = −(∇AY
B + Y CTCA
B)EB
M ,
∆ΩAα
β = −(∇AY
B + Y CTCA
B)ΩBα
β + Y BRBAα
β,
∆AIA = −(∇AY
B + Y CTCA
B)AIB + Y
BFIBA.
(3.2)
We need to perform the expansion of ΠA = ∂ZMEM
A. Note that ∂ZM is annihilated by
∆ since it does not change under parallel transportation. By inverting the first equation
in (3.2), one can see that
∆EM
A = EM
B(∇BY
A + Y CTCB
A),
therefore
∆ΠA = ∇Y A − Y BΠCTCB
A = ∇Y A +ΠBY CTCB
A, (3.3)
where we have defined ∇Y A = ΠB∇BY
A. By doing the same kind of calculation we obtain
∆(∇Y A) = −Y DY CΠBRBCD
A.
Analogously, for the barred world-sheet fields we obtain
∆Π
A
= ∇Y A − Y BΠ
C
TCB
A = ∇Y A +Π
B
Y CTCB
A,
∆(∇Y A) = −Y DY CΠ
B
RBCD
A,
where ∇Y A = Π
B
∇BY
A. Note that BAB,W
α
I , UI and U
ab
I are tensors, then they can be
expanded following the rule (3.1).
We assume that dα is a fundamental field, its expansion is
d = d0 + d̂,
where d0 is the background value and d̂ is the quantum fluctuation. Since this expansion
is independent of the superspace expansion, it is satisfied that ∆d̂ = 0.
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3.2. Ghost and gauge group expansion
As in the case of the d world-sheet field, the pure-spinor ghosts can be treated as
fluctuations of some background value
λ = λ0 + λ̂, ω = ω0 + ω̂,
again, this expansion is independent of the superspace expansion, then it is satisfied ∆λ̂ =
∆ω̂ = 0. We will not enter in the details of the propagator for these fields. Since only the
covariant combinations J and Nab enter in the action, we can make an expansion of the
form
J = J0 + J1 + J2, N
ab = Nab0 +N
ab
1 +N
ab
2 ,
where each subscript represents the order in the quantum fluctuations. We are interested
in OPE’s which depend on (J0, N
ab
0 ). This is because the OPE terms independent of the
fields have short distance behavior like 1
(z−w)2
, which does not contribute to divergences
at one loop. And the terms with quantum fluctuations do not enter in the effective action.
The only non vanishing OPE of the type above is
Nab1 (z)N
cd
1 (w)→
1
(z − w)
[−ηa[cN
d]b
0 (w) + η
b[cN
d]a
0 (w)]. (3.4)
In the same way, the gauge current can be expanded as
J
I
= J
I
0 + J
I
1 + J
I
2.
As before, we need only the OPE6
J
I
1(z¯)J
J
1 (w¯)→
1
(z¯ − w¯)
f IJKJ
K
0 (w¯). (3.5)
In the following we will drop the the 0 subindex, then we will denote d0α as dα, J0 as
J , Nab0 as N
ab and J
I
0 as J
I
.
6 This OPE can be obtained by realizing the gauge group contribution to the sigma-model by
antichiral Majorana spinors ρA (A = 1, . . . , 32) and noting J
I
= 1
2
KIABρ
AρB, where KI are the
gauge group generators. Then we expand these fermions as ρA = ρA0 + ρ̂
A.
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4. The One-loop Effective Action
Now we perform the expansion of the action (2.1) in the way described in the previous
section with the variables Q = (Y, ρ̂, λ̂, ω̂) as the quantum fluctuations. The effective action
will be obtained by integrating out Q. For the one-loop contribution to this action, it is
necessary go up to second order in the quantum fluctuations. It is not so difficult to see
that up to second order the expansion of the action has the form (we will set α′ = 1)
S = S0 + Ŝ + Î ,
where S0 is the background value of the action,
Ŝ =
1
2pi
∫
d2z
1
2
ηab∇Y
a∇Y b + d̂α∇Y
α + Lg, (4.1)
determines the propagators for the quantum fluctuations as (3.4), (3.5) and
Y a(z, z¯)Y b(w, w¯)→ −ηab log |z − w|2, (4.2)
d̂α(z)Y
β(w)→
δβα
(z − w)
,
note that these terms come from the expansion of the ΠaΠa, dαΠ
α
and Lg terms of (2.1).
And
Î =
1
2pi
∫
d2z Y AY BE
(1,1)
AB + Y
A∇Y BC
(0,1)
AB + Y
A∇Y BD
(1,0)
AB + d̂αY
AG
α(0,1)
A
+ J
I
1Y
AI
(1,0)
IA + J
I
2K
(1,0)
I + J1Y
AL
(0,1)
A + J2M
(0,1) +Nab1 Y
AO
(0,1)
Aab
+Nab2 P
(0,1)
ab + J1J
I
1Q
(0,0)
I +N
ab
1 J
I
1R
(0,0)
Iab + d̂αJ
I
1S
α(0,0)
I +O(Q
3),
(4.3)
where the superfields C, . . . , S depend on the background superfields and they can be
obtained by using the expansions defined in the previous section, but we will not need all
of them. The superscripts in these superfields indicate their conformal weights.
As we said before, the effective action is determined by integrating out the variables
Q, that is
e−Seff = e−S0
∫
DQ e−Ŝ [1− Î +
1
2
Î2 + · · ·].
Remember that the lost of conformal invariance comes from the UV divergences of the
Feynman diagrams [9]. There are two types of diagrams which lead to UV divergences in
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this path integration. A tadpole diagram, which is formed in the single contractions in Î
of this expansion, and a ‘fish’ diagram, which is formed by double contractions in the Î2
term.
It should be noticed that the effective action should be given by a conformal weight
(1, 1) density. Therefore, the only terms will contribute to it are those formed by single
contraction of Y ’s in the term with E
(1,1)
AB in the action and from double contractions in Y ’s
between Y A∇Y BC
(0,1)
AB with Y
A∇Y BD
(1,0)
AB and Y
A∇Y BD
(1,0)
AB with d̂αY
AG
α(0,1)
A terms
in the action. Note that the OPE’s between the gauge and ghost currents (3.4), (3.5)
provide the right conformal weights. Then, the double contractions between J
I
1Y
AI
(1,0)
IA
with d̂αJ
I
1S
α(0,0)
I and between N
ab
1 J
I
1R
(0,0)
Iab with itself will also contribute.
4.1. Computation of the one-loop UV divergence
The single contraction between Y ’s in the term with E
(1,1)
AB in the action leads to the
divergence
−
1
2pi
∫
d2z ηabE
(1,1)
ab log Λ,
where Λ is the momentum cut-off7. The double contraction between Y A∇Y BC
(0,1)
AB with
Y A∇Y BD
(1,0)
AB leads to
1
2pi
∫
d2z C
(0,1)
ab D
(1,0)
cd η
a[cηd]b log Λ.
The double contraction between Y A∇Y BD
(1,0)
AB with d̂αY
AG
α(0,1)
A is
1
2pi
∫
d2z ηab(D(1,0)αa −D
(1,0)
aα )G
α(0,1)
b log Λ.
The double contraction between J
I
1Y
AI
(1,0)
IA with d̂αJ
I
1S
α(0,0)
I gives
−
1
2pi
∫
d2z J
I
fJKII
(1,0)
Jα S
α(0,0)
K log Λ.
The double contraction between Nab1 J
I
1R
(0,0)
Iab with itself is
−
1
2pi
∫
d2z J
I
NabfJKIR
(0,0)
Jc[aR
(0,0)
Kb]
c log Λ.
7 One can show that log |0|2 = − log Λ. It is also useful to know that
∫
d2z/|z|2 = 2pi log Λ.
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In summary, the one loop divergence coming from integrating out the quantum fluctuations
is
SΛ =
1
2pi
∫
d2z [−ηabE
(1,1)
ab + η
a[cηd]bC
(0,1)
ab D
(1,0)
cd + η
abD
(1,0)
[αa] G
α(0,1)
b
− J
I
fJKII
(1,0)
Jα S
α(0,0)
K − J
I
NabfJKIR
(0,0)
Jc[aR
(0,0)
Kb]
c] log Λ.
(4.4)
4.2. The one-loop beta functions
The one-loop effective will be SΛ plus the Fradkin-Tseytlin contribution. As we men-
tion in the introduction, we are studying the one-loop sigma model at tree-level in the
world-sheet. That is we evaluate (2.2) on the sphere, then the world-sheet metric takes
the form Λdzdz¯. Finally the effective action at the one-loop level will be
Seff = S0 + SΛ +
1
2pi
∫
d2z [∇Π
A
∇AΦ+Π
A
ΠB∇B∇AΦ] logΛ. (4.5)
The beta functions are defined as the Λ dependent factor of every independent coupling
of the effective action and, in order to deal with a theory that is scale independent (such
a conformal theory), we need that this dependence to be zero. All these couplings are
conformal weights (1, 1) constructed out of the products formed in
(ΠA, dα, J, N
ab)× (Π
c
, J
I
),
since Π
α
is not independent. In fact by varying the action (2.1) respect to dα we obtain
Π
α
= −J
I
WαI . Also we need the string equations equations of motion to express ∇Π
A
in
terms of the couplings. They come form (2.1) by varying respect to ρ, λ, ω and ZM as we
will show in the next section.
5. The Vanishing of the Beta Functions
Now we can write the equations coming from the vanishing of the beta functions
associated to each independent coupling of the sigma model action. Before this, it is
convenient to use the set of constraints on the the superfields given in [6]. Namely, we
use Hαβγ = Tαβ
γ = 0 and Tαβ
a = γaαβ besides all the constraints (2.4) and (2.5). These
constraints are fixed using the scale and one of the local Lorentz invariances. Note that
the remaining local symmetries are those of D=10 N=1 supergravity. Since the fermionic
scale invariance is fixed, the RAB superfield is no longer an invariant curvature, and its
connections will appear explicitly in the following calculations. The first thing we note
10
is that the constraint Taα
α = 0 implies that Ωa = 0. Also, as it was showed in [6], the
Bianchi identity (∇T )αβγ
a = 08 determines Tαab = 2(γab)α
βΩβ . Since it will be used later,
it is useful to write RAB in terms of other fields
Rab = Tab
αΩα, Raβ = −Rβa = ∇aΩβ, Rαβ = ∇(αΩβ).
Also, it is not difficult to show that the Bianchi identity (∇H)abαβ = 0 implies Tabc+
Habc = 0.
Now we write the background superfields needed to determine the beta functions
according to (4.5). We use the simplifications derived in the previous paragraph for the
background superfields. After the superspace expansion described in the section 3, it is
not difficult to get
−ηabE
(1,1)
ab = −
1
2
d0αJ
I
0∇
2WαI −
1
2
J0J
I
0∇
2UI −
1
4
Nab0 J
I
0∇
2UIab
−
1
2
d0αΠ
A
(∇aTaA
α + TAa
BTBb
αηab)−
1
2
ΠAJ
I
0(∇
aFIaA + TAa
BFIB
a)
−
1
2
J0Π
A
(∇aRaA + TAa
BRB
a)−
1
4
Nab0 Π
A
(∇cRcAab + TAc
BRB
c
ab)
−
1
4
ΠAΠ
B
(∇aHaBA + TAa
CHCB
a(−1)AB − TBa
CHCA
a + 2TAa
cTBb
dηcdη
ab(−1)AB)
+
1
4
Π(AΠ
a)
ηab(∇
cTAc
b − TAc
CTCd
bηcd +RAcd
bηcd),
where we have to use Π
α
= −J
I
WαI . The remaining terms in (4.5) are obtained from
C
(0,1)
ab =
1
2
J
I
(Fab +W
α
I Tαab),
D
(1,0)
cd =
1
2
dαTcd
α +
1
2
JRcd +
1
4
NefRcdef −
1
2
ΠATAcd,
D
(1,0)
[αa] = JRαa +
1
2
NefRαaef ,
G
α(0,1)
b = J
I
∇bW
α
I − Π
d
Tdb
α,
I
(1,0)
Jα = −dβ∇αW
β
J −Π
AFJAα + J∇αUJ +
1
2
Nef∇αUJef ,
S
α(0.0)
K =W
α
K , R
(0,0)
Jab =
1
2
UJab.
8 Recall our notation (2.10).
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As we said before, we need the superstring equations of motion to determine the
contribution ∇Π
A
in (4.5). After the variation of the (2.1) respect to all the world-sheet
field, it is not difficult to obtain
∇Πa = Π
bΠ
c
Tabc +Π
αΠ
b
Taαb − Π
AJ
I
FIAa − dαΠ
b
Tba
α − dαJ
I
∇aW
α
I
−JΠ
b
Rba −
1
2
Π
b
Rbacd + JJ
I
(∇aUI +W
γ
I Rγa) +
1
2
N bcJ
I
(∇aUIbc +W
γ
I Rγabc),
and
∇Π
α
= −J
I
ΠA∇AW
α
I − dβJ
I
fJKIW
α
JW
β
K + JJ
I
fJKIW
α
J UK +
1
2
NabJ
I
fJKIW
α
J UKab.
With all this information, we can calculate the terms contributing to (4.5). Now we
write the beta function associated to every independent coupling of the effective action.
They are separated in two groups. The first group of equations is the SUGRA sector
∇a∇bΦ−
1
2
Rab +
1
2
Tca
αTbα
c = 0,
∇cTabc − 2Tabc∇
cΦ+ 2Tab
α∇αΦ = 0,
∇bTαba +Rαcdaη
cd + Tab
βγbβα + 4∇a∇αΦ = 0,
∇bTba
α − Tbc
αTa
bc + 2Tab
α∇bΦ = 0,
∇bRba − TabcR
bc − Tab
αRα
b + 2Rab∇
bΦ = 0,
∇bRbafg − TabcR
bc
fg − Tab
αRα
b
fg + 2Rabfg∇
bΦ = 0,
(5.1)
where Rab = R
c
acb is the Ricci tensor which is not symmetric. The second group of
equations is the SYM sector
γaαβ∇aW
β
I = 2(γ
a
αβ∇aΦ)W
β
I + 2∇α(∇βΦW
β
I ),
∇bFIba − 2f
JK
IFJaαW
α
K + 2FIab∇
bΦ− 2∇a(∇αΦW
α
I )
+
1
2
WαI (∇
bTαba + Tab
βγbβα +Rαcdaη
cd) = 0,
∇2WαI − F
ab
I Tab
α + 2(∇aW
α
I )∇
aΦ− 2fJKI(∇βW
α
J +W
α
J ∇βΦ)W
β
K = 0,
∇2UI − F
ab
I Rab +W
β
I (2Raβ∇
aΦ−∇aRaβ) + 2Raα∇
aWαI
− 2(∇aUI)∇
aΦ+ 2fJKI(∇αUJ − UJ∇αΦ)W
α
K = 0,
∇2UIfg − F
ab
I Rabfg +W
β
I (2Raβfg∇
aΦ−∇aRaβfg) + 2Raαfg∇
aWαI
− 2(∇aUIfg)∇
aΦ+ 2fJKI(∇αUJfg − UJfg∇αΦ)W
α
K + f
JK
IUJa[fUKg]
a = 0.
(5.2)
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We need to verify that the constraints given in [6] plus the use of the Bianchi identities
(2.10) allow to verify the equations (5.1) and (5.2). It is a tedious but direct job, we follow
the idea of the calculation done in the reference [10].
5.1. The SUGRA sector
Now it will be shown that the SUGRA set of equations (5.1) are implied by the use
of the constraints (2.4), (2.5) and the use of the Bianchi identities. First we note that it is
satisfied
γbαβTba
β = 8Raα. (5.3)
To show this, we see that Rαabc can be written, by using the Bianchi identity (∇T )αab
c = 0,
as
Rαabc = Ta[b
β(γc])βα − 2(γbc)α
βRaβ,
we plug this into the Bianchi identity (∇T )aαβ
β = 0 to verify (5.3). Now it is trivial to
show that the third equation in (5.1) is satisfied.
Now we will show that the second equation in (5.1) is also satisfied. Consider the
Bianchi identity (∇T )abc
c = 0, it implies
∇cTabc + 4ΩαTab
α − 16Ωαγ
αβ
[a Rb]β + η
cd(Racbd −Rbdac) = 0.
From the Bianchi identity (∇T )αab
β = 0 one can obtain
Rabcd = −
1
8
∇α((γcd)β
αTab
β) +
1
8
(γcd)β
αTα[a
eTb]e
β , (5.4)
which allows to write ηcd(Racbd−Rbdac) and, after plugging it into the above equation one
obtains
∇cTabc + γ
αβ
a ∇αRbβ − γ
αβ
b ∇αRaβ + 2Ωα(γaγbc − γbγac)
βαRcβ = 0,
finally if one uses Raα = ∇aΩα and commutes the derivatives in ∇αRbβ and in ∇αRaβ
one can arrive to the second equation in (5.1). We can verify the first equation in (5.1) by
constructing the Ricci tensor Rab = R
c
acb from (5.4).
It remains to verify the last three equations in (5.1). Note that the fourth and the
fifth equations are equivalent by recalling the relation Rab = Tab
αΩα. Without using
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the previous equations, the derivation of the fourth equation is more involved. Using the
Bianchi indentities (∇R)[αab]β
γ = 0, (∇T )cαβ
γ = 0 and (γa)
αβRαβγ
δ = −2(γa)
αβRγαβ
δ,
that follows from (∇T )αβγ
δ = 0 we show that
(γa)αβ(∇αRabβ
γ − Tα[a
eRb]eβ
γ)− 8Tb
cdTcd
γ + 2Teb
γ∇eΦ + 8∇eTeb
γ
−
1
8
(γa)αβ(γcd)ρ
γRαβcdTab
ρ = 0,
and after working out the first and the last terms by using (5.4) and the Bianchi identity
(∇T )αβa
b = 0, we see that they give exactly the remaining terms, proving the fourth
equation. Finally the last equation is satisfied by using (5.4) and the remaining equations
in (5.1).
We can see that the first equation is the graviton equation of motion, the second is
the equation for the antisymmetric tensor. Contracting the third equation with (γa)αβ
we get the dilatino equation of motion and contracting with (γac)β
α we get the gravitino
equation.9 The last three equations are redundant, they can be obtained from the others.
These results prove the claim in [6] that the classical BRST invariance is equivalent to
quantum conformal invariance at 1-loop level.
5.2. The SYM sector
The verification of the SYM equations is the following. Let us first consider the first
equation in (5.2). To verify that it is implied by the Bianchi identities it is necessary
to relate the field strength F with the superfield U . The Bianchi identity (∇F )aαβ = 0
implies
UI + ΩαW
α
I = 0,
FIab = UIab + 2(γab)α
βΩβW
α
I .
Besides, it will be necessary to know the spinorial derivative on this superfield. The Bianchi
identity (∇F )αab = 0 determines
∇αFIab = −∇[aFIb]α + Tα[a
cFIb]c − Tab
cFIcα.
The gluino equation can be obtained from the identity
9 Remember that at linearized level Tab
α ≈ ∂[aψb]
α, where ψa
α is the gravitino.
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{∇α,∇β}W
β
I = −Tαβ
a∇aW
β
I +Rαγβ
γW
β
I ,
and using the constraint equation for ∇αW
β
I in (2.5). It is also necessary to determine
Rαγab(γ
ab)β
γ from the Bianchi identity (∇T )αβa
b = 0:
Rαγab(γ
ab)β
γ = −180∇αΩβ + 2(γ
ab)α
γ(γab)β
δ∇δΩγ − γ
abc
αβ Tabc − 384ΩαΩβ ,
where we have used the identity (γab)α
ρ(γab)β
σΩρΩσ = 6ΩαΩβ . Doing all this we obtain
−
7
2
γaαβ∇aW
β
I − 28∇αUI − [Rαβ +
1
2
(γab)α
ρ(γab)β
σRρσ]W
β
I = 0,
where Rαβ = ∇(αΩβ). The Bianchi identity R(αβγ)
γ = 0 allows us to finally write
γaαβ∇aW
β
I = −8(∇αUI +RαβW
β
I ).
which takes the form of the first equation in (5.2) if we recall (2.11).
Now we satisfy the second equation in (5.2). The idea is to start with the knowledge of
the commutator [∇b,∇α]W
β
I , which can be obtained from (2.7), and multiply by (γ
ab)β
α,
and use the first equation in (5.2)together with the third equation in (5.1). After a tedious,
but direct calculation, the second equation can be showed to be satisfied. Similarly for
the remaining equations in the SYM sector can be verified as consequence of the first
two equations in (5.2). The third equation is obtained by applying (γb)αγ∇b in the first
equation in (5.2), while the last two equations can be obtained by acting with ∇β on the
third equation and after commuting it with ∇2. Then, the fourth equation is obtained by
contracting with δβα and we get the fifth equation and by multiplying with (γef)α
β .
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